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Figure 1. Visual representation of our pipeline. The eigenfunc-
tions of the LBO for volume meshes (left) are used to compute a
volumetric functional map (middle). Basis alignment is exploited
for several tasks: volumetric correspondences, piece-wise linear
maps, and volumetric segmentation transfer (right).

Abstract

Computing volumetric correspondences between 3D shapes
is a prominent tool for medical and industrial applications.
In this work, we pave the way for spectral volume mapping,
extending for the first time the surface-based functional
maps framework. We show that the eigenfunctions of the
volumetric Laplace operator define a functional space that
is suitable for high-quality signal transfer. We also experi-
ment with various techniques that edit this functional space,
porting them to volume domains. We validate our method
on novel volumetric datasets and on tetrahedralizations of
well established surface datasets, also showcasing practi-
cal applications involving both discrete and continuous sig-
nal mapping, for segmentation transfer, mesh connectivity
transfer and solid texturing. Finally, we show that the volu-
metric spectrum greatly improves the accuracy for classical
shape matching tasks among surfaces, consistently outper-
forming surface-only spectral methods.

1. Introduction
The computation of volumetric correspondences plays a
central role for many applications. Volume mappings en-
able non-invasive medical diagnosis, by warping the digital
copy of a human organ into its canonical position without
extracting it from the patient’s body [1]. They are also im-
portant for meshing [91], statistical shape analysis [44] and
Industry 4.0, where physical simulations computed on pre-
dictive digital twins must be aligned with other digital views
for optimized decision making and failure avoidance [96].

Maps between 3D objects are often represented either
by exploiting one-to-one per vertex correspondences be-
tween two simplicial meshes with same connectivity, defin-
ing a so called piece-wise map (Sec. 2.1), or putting into
correspondence two sets of basis functions to express the
same signal in two alternative domains, as done by spec-
tral approaches for surface meshes [87]. Both piece-wise
and spectral approaches have been extensively studied in
the surface setting and can nowadays be considered rather
mature, as proved by numerous academic and commercial
tools that incorporate them. Conversely, the equivalent task
of computing volumetric correspondences largely remains
a scientific open problem [91, §8.2]. It is worth noticing
that the LDDMM framework has been successfully applied
to match dense volumetric data (e.g., MRI/CRT scans), al-
though diffeomorphic maps are limited to domains with
grid-like structures and hardly generalize to more flexible
representations like tetrahedral meshes[16, 17, 92, 112].

In recent years many attempts have been made to ex-
tend piece-wise linear approaches to volumes. This task has
proved to be extremely challenging and no fully robust and
efficient methods have been devised yet (Sec. 2.1). To our
knowledge no attempt has been made to extend functional
mapping to volumes yet (Sec. 2.2). We propose it for the
first time and show that, conversely from the piece-wise lin-
ear setting, functional mapping naturally scales to volumes,
providing a theoretically sound and practically useful plat-
form for the computation of voulmetric correspondences.

Using the spectrum of the volumetric Laplacian, we de-
fine a functional space that is completely agnostic of the



underlying discrete mesh, and we use it to create corre-
spondences between solid meshes with different density and
connectivity. We also show that many recent developments
used to improve the functional maps framework [68, 79]
can be exploited on volumes too, allowing to �nd an opti-
mal balance between map quality and performance.

We validate our volumetric pipeline (Fig. 1) on a variety
of datasets, including tetrahedralizations of prominent ref-
erence benchmarks widely used for shape correspondence
tasks. Besides assessing the accuracy and performances of
our tool on the ground truth (Sec. 5), we showcase various
practical applications, including connectivity transfer of a
given volume mesh to a target domain (Fig. 7), segmen-
tation transfer from a statistical medical shape to acquired
organs (Fig. 8) and solid texturing (Fig. 5).

All in all, this article opens for the �rst time to the com-
putation of volumetric correspondences with spectral ap-
proaches. To this end, we believe our contributions will
foster new research in this direction, positioning volume
spectral mapping as a �exible and practical alternative to
existing piece-wise linear approaches. To facilitate this en-
deavor, we release our reference code at anonymous.

2. Related Works

We list the main approaches to compute piece-wise maps
and functional maps highlighting, for both classes of meth-
ods, existing attempts (or lack thereof) to scale to volumes.

2.1. Piece­wise Maps

Piece-wise maps de�ne correspondences between two
meshes by starting from explicit per vertex correspondences
and extending the map inside mesh elements by means of
barycentric interpolation. This operation is uniquely de-
�ned for simplices in any dimension [42], therefore it works
for both surface (triangle) and volume (tetrahedral) meshes.

A variety of algorithms can robustly generate piece-
wise surface maps to elementary domains such as trian-
gles [33], convex polygons [35, 65, 109, 118], star-shaped
polygons [64] and spheres [38, 94]. Maps between general
shapes are then obtained via composition, using these ele-
mentary shapes as intermediate domains [6, 37, 46, 49, 52,
56, 63, 95, 104–107, 110, 120].

Lifting this idea to volumes is possible in principle but
extremely challenging in practice. Even constructing an in-
jective map to a convex polyhedron has proved to be sur-
prisingly dif�cult [18, 61, 84]. Surface methods such as
the Tutte embedding are known to fail on general volume
meshes [7, 19]. To date, the only robust volume embedding
algorithms are [13, 41, 83, 84], but all of them are unsuitable
for real applications, due the massive use of exact numerical
constructions and exponential mesh re�nement [75].

A less robust but more practical alternative consists in
initializing a non injective map directly with a fast ap-

proximation algorithm, and then relocate the vertices to �x
�ipped or vanishing elements. This problem, often referred
to as mesh untangling [47, 91], is ill-posed in general, as
valid solutions may not exist for a �xed mesh connectiv-
ity [62]. Existing volume approaches operate on convex
subsets of the feasible region [48], minimize �ip-preventing
energies [2, 28, 36], or project onto the space of bounded
distortion mappings [5]. Due to the problem's non linearity
and the absence of a feasible starting solution, none of these
methods guarantees the correctness of the result. Multiple
failure cases have been reported by testing the most promi-
nent existing algorithms on available datasets [83, §6.3]. In
Sec. 5.2 we show that bootstrapping this pipeline with our
functional mapping dramatically increases the success rate
of state of the art volume untangling algorithms.

2.2. Functional Maps

Given two discrete surfaces, shape matching aims to esti-
mate a semantic point-wise correspondence between them.
The more general (and challenging) scenario occurs when
the two shapes are related by a non-rigid deformation.
Many applications are related to this task, from statisti-
cal shape analysis [11] and medical imaging [72] to defor-
mation transfer [114, 115], among many others [22, 103].
Among different approaches, functional mapping [87, 88]
has attracted signi�cant attention. This framework aims to
solve the shape matching problem by estimating a corre-
spondence between functions de�ned on the surfaces, rather
than point-wise correspondences, which are hard to opti-
mize for. Exploiting a basis for the space of functions, for
which a standard choice arises from the extension of Fourier
theory to non-Euclidean domains [54, 116], the correspon-
dence among shapes can be compactly encoded in a matrix
with dimensions equal to the basis size. Following this di-
rection, a variety of works try to improve the framework
by de�ning additional functional constraints [27, 85, 98],
proposing alternative bases [68, 73, 74, 77, 86], or de�n-
ing alternative procedures to extract point correspondences
from a given functional map [32, 79, 89, 99, 100, 102].
Recently, two alternatives for scaling the functional maps
approach to high-resolution meshes [70, 71] addressed the
scalability issues of functional mapping. The functional
maps framework additionally gives rise to a family of data-
driven approaches that exploit machine learning techniques
to solve the shape matching problem exploiting the func-
tional representation as a prior [9, 14, 15, 26, 58, 108]. De-
spite its success, to the best of our knowledge, this frame-
work has never been applied to volumes, leaving its poten-
tial impact fully unexplored in volume data processing.

3. Background and Notation

We discretize volumes as tetrahedral meshes M =
(VM ; TM ), where: VM � R 3 is a set of vertices in 3D



space; TM � V 4
M is a set of tetrahedra connecting the ver-

tices in VM .
We refer to the external sur-

face of M as the triangular mesh
@M = (V@M ; F@M ), where
V@M � V M is the set of surface

vertices of M; F@M � V 3
@M is

the set of surface triangles de�ned by the tetrahedra in TM .
The inset �gure depicts a section of a tetrahedral mesh,

with the original external surface shown in transparency.
A scalar function f : VM ! R over a volume mesh

M is discretized as a vector f 2 RjV M j , and its restriction
f @ : V@M ! R to the external surface @M is discretized
as a vector f@ 2 R jV @M j . Given a tetrahedral (or trian-
gular) mesh M, and given two vertices vi ; vj 2 M, we
refer to the geodesic distance between vi and vj over M
as dM (vi ; vj ). There exist several algorithms to estimate
such a distance on discrete meshes [21]. For the sake of
simplicity, in the remainder of the paper we will always ap-
proximate dM (vi ; vj ) using Dijkstra's algoritm [25] on the
edge connectivity of M.

Shape Matching and Correspondences. Given two sur-
face meshes M = (VM ; FM ) and N = (VN ; FN ), the
problem of shape matching is the problem of �nding a cor-
respondence � : VM ! V N that maps vertices of M into
vertices of N [66]. In most cases, the correspondence �
has to satisfy semantic constraints or has to be an isom-
etry [22, 103], that is a correspondence � preserving the
geodesic distances between pairs of vertices. Namely

8vi ; vj 2 VM ; dM (vi ; vj ) = d N (�(v i ); �(v j )) : (1)

Functional Maps. The problem of �nding an isomet-
ric correspondence, in its general setting, is NP-hard [10].
Many solutions have been developed for computing an ap-
proximation. Among these, the functional maps approach
has grown popular due to its high ef�ciency and the smooth-
ness of the resulting correspondences [87].

Instead of searching directly for a correspondence � be-
tween two surfaces M and N , the functional maps ap-
proach aims at �nding a linear map T� : F(N ) ! F(M),
induced by �, from the space F(N ) of real-valued func-
tions over N to the space F(M) of real-valued functions
over M. Given any function f : VN ! R, the map T �

gives the corresponding function T� (f ) : V M ! R that
maps vi 7! f (�(v i )), for each vi 2 VM .

Given two sets of (orthogonal) basis functions �M ; � N

for the spaces F(M); F(N ), respectively, a function f :
VN ! R can be expressed as a linear combination of �N

f =
1X

i=0

� i �
(i)
N =

1X

i=0

hf; � (i)
N i N � (i)

N ; (2)

where �(i)
N is the i-th basis function in �N and h�; �iN de-

notes the inner product between functions over N . The co-
ef�cients � i denotes the projection of f onto the basis func-
tions � (i)

N . Usually, � M ; � N are chosen to be the eigen-
functions of the Laplace-Beltrami operator on M and N .
Since T� is linear, the mapping of f onto M is given by

T� (f ) =
1X

i=0

� i T� (� (i)
N ) =

1X

i;j=0

� i ci;j � (j)
M ; (3)

where ci;j = hT� (� (i)
N ); � (j)

M i M . By truncating the two
bases to k functions, the coef�cients ci;j can be stored into
a matrix C 2 Rk�k , leading to the matrix equation

T� (f ) � � M C� y
N f ; (4)

wherey denotes the Moore-Penrose pseudo-inverse. No-
tably, T� (� N ) � � M C, thus by knowing the matrix C it
is possible to extract the unknown correspondence � via a
nearest-neighbor search, NN(�N ; � M C).

4. Method

The functional maps framework is not bound to the domain
of 2-dimensional surfaces. Indeed, the Laplace-Beltrami
Operator (LBO) can be de�ned on Riemannian manifolds
of arbitrary dimension, and it always admits a spectral de-
composition. We discretize the LBO of a tetrahedral mesh
M = (V M ; TM ) using the n-dimensional cotangent for-
mula [20, 57] which de�nes the discrete LBO as a pair of
matrices S and W, denoted as stiffness and mass matrices,
respectively. Its spectral decomposition can be obtained by
solving the generalized eigenproblem S� = W��.

Implementation details and a discussion on the choice
of the LBO are provided in Appendix A. We highlight that
most applications we address involve analyzing information
at the surface (i.e., the boundary of a tetrahedral mesh),
compelling us to impose Neumann's boundary conditions
to prevent zero-valued eigenfunctions on the surface.

Most successful algorithms for estimating the functional
map between shapes rely on the property that intrinsic struc-
tures and processes behave similarly on similar surfaces.
For instance, the invariance of the LBO basis and the heat
diffusion under (quasi-)isometric deformations plays a key
role in stable functional map estimation [85, 86, 88]. De-
spite this invariance holds for continuous volumetric shapes
(see Fig. 2), in a discrete setting the position and connectiv-
ity of the vertices can heavily impact the numerical stability
of the Laplacian operator [53]. Appendix B provides a de-
tailed empirical study on the invariance of the LBO in the
volumetric setting, and Appendix C contains a deeper dis-
cussion on isometric deformations between volumes.
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