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Abstract

Iterated Function Systems (IFSs) are a classical tool for procedural
fractal generation, but their formulation is strongly bind to the
underlying coordinate system, and thus limited to flat Euclidean
domains. We introduce an alternative formulation for an entire
family of IFSs, exclusively based on the notion of distances and
geodesic paths, that allows defining systems directly on Riemannian
domains, enabling the procedural generation of fractal patterns that
are aware of the underlying geometry.
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1 Introduction and related work

Procedural texturing is a key topic in Computer Graphics, and is
of fundamental importance for creating detailed and realistic ma-
terials [Ebert et al. 2002]. Among the various approaches, solid
texturing [Hart 2001; Maggioli et al. 2022a; Worley 1996] allows
defining functions in the embedding space and restricting their eval-
uation to the surface, easily generalizing to arbitrary shapes and
representations. On the opposite side of the spectrum, textures can
also be defined as patterns emerging directly onto the surface [Mag-
gioli et al. 2022b; Nazzaro et al. 2021] or as vector graphics in the
geodesic metric [Mancinelli et al. 2022; Marin et al. 2024; Riso et al.
2022], with shape and structure strongly related to their intrinsic
geometry. In a similar fashion, decals provide a versatile tool to
decorate the surface with arbitrary images and patterns [Rustamov
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Figure 1: From left to right: the Sierpinski triangle; the Sier-
pinski carpet; the optimally packed regular pentagon.

2010]. We introduce a novel approach for generating fractals di-
rectly on surfaces through iterated function systems. Unlike decals,
our method is strongly bound to the surface metric, resulting in a
better preservation of the recursive structure of the fractal shape.

2 Method

An iterated function system (IFS) is a finite collection of contraction
mappings {f; : F — F}X on a metric space F. IFSs have been
extensively used in the context of fractal generation, due to their
property of converging to a fixed compact set [Barnsley 2014]. A
notorious IFS is the generator of the Sierpinski triangle (fig. 1),
namely fi(x) = @, where p; are the vertices of an equilateral
triangle. This can be generalized to a wider family of IFSs, including
the Sierpinski triangle, where the IFS is defined through a collection
of attraction points p; and attraction factors s;.

fix)=AQ=s)x+s;p;, i=1---,k s;€(0,1). (1)

This definition allows generating a wider class of fractal shapes
(see fig. 1), but it is still limited to the Euclidean domain. However,
linear interpolation in the Euclidean domain corresponds to the mo-
tion along the shortest path between two points. On a Riemannian
surface M, this translates to the motion along the shortest geodesic
curve between the two points. Let dy( : M X M — R the geodesic
distance function over M; for each point p; € M, we define a
function §; : M — R that maps x — da((p;, x). In the domain of
surface M, eq. (1) becomes

fi(x) = exp,(si 6i(x), =Véi(x)), @)

where VJ;(x) is the gradient of §; at x, and exp,. is the exponential
map at x. At each point x € M, the function f; represents a move-
ment towards point p; by a fraction s; of the distance from it. This
behavior is depicted in fig. 2, which also highlights the analogy
between the planar case and the sphere. Given a starting point, we
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Figure 2: Generating recursion of the Sierpinski triangle on
the plane (top) and on a sphere (bottom). Given a starting
point, the first generation gets moved halfway through to-
ward the attraction points (left). The second generation is
subject to the same attraction, but uses the previous points
as starting points (center). The entire process converges to
the Sierpinski triangle (right).

perform a motion that brings toward the attraction points by some
fraction of the distance, producing the output of the first genera-
tion. For each following generation, we iterate the same process,
starting from each output of the previous generation. Eventually,
the process converges to the fractal pattern associated with the IFS.

On discrete surfaces, the motion described in eq. (2) can be easily
implemented as a discrete exponential map [Sharp 2021]. Since we
are only interested in moving towards the attraction points p;, we
can precompute the global geodesic distances from these points,
and store them as scalar functions over the surface. From these,
we can easily derive and store the associated gradient fields at the
triangles [De Goes et al. 2016].

The recursive nature of the IFSs results in an exponential com-
plexity: for a system with k attraction points, at the n-th generation
we must handle k" points. To overcome this limitation, we adopt
the “chaos game” approach [Barnsley and Vince 2011]. With this
method, we initialize a set of q particles to the initial point and
fix a maximum number n of generations. At each generation, we
select a random attraction point for each particle and perform a
single motion toward that attraction point. Given enough particles
and generations, the process converges to a result that is visually
indistinguishable to the exact solution. Other than reducing the
complexity to O(qn), this method is embarassingly parallel, en-
abling straightforward GPU implementations [Lawlor 2012]. As
a positive side effect, this formulation makes it easier to encode
additional rules and constraints (e.g., no particle can chose the same
attraction point two consecutive times) to generate a wider family
of fractals [Barnsley et al. 1989], such as the examples in the bottom
left and bottom center of fig. 3.

3 Results

With our approach, we are able to replicate several 2D fractals over
arbitrary surfaces. In fig. 3 we show different examples of IFS frac-
tals emerging on surfaces from eq. (2), compared with their planar
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Figure 3: Top row: different IFS fractals computed directly
onto surfaces with our method. Bottom row: the correspond-
ing fractals in the plane.

Figure 4: Left: planar Sierpinski triangle drawn over a sphere
with geodesic barycentric coordinates [Rustamov 2010].
Right: geodesic Sierpinski triangle generated with our ap-
proach.

counterpart. In particular, from the figure we can see that our ap-
proach also allows a seamless generalization to a restricted chaos
game formulation. The first two fractals are obtained using four and
five attractors, respectively, and restricting the choice of the attrac-
tors at each iteration by preventing the choice of the same attractor
twice in a row: we can appreciate how our approach produces the
same patters as the 2D formulation. The third fractal is drawn over
a non-convex region, which makes our formulation, in general,
ill-defined. This stems directly from our formulation depending on
the gradient of the geodesic distance, which is undefined (and thus
numerically unstable) at the cut locus. Additionally, eq. (2) is not
guaranteed to be contractible outside of convex regions. As a result,
when dealing with non-convex regions we can obtain undesirable
behaviors, such as the heavy distortion of the pattern depicted in
the third frame of fig. 3.

Since our approach produces patterns on surfaces inside a convex
geodesic polygon, we considered the geodesic barycentric inter-
polation [Rustamov 2010] a natural baseline for comparing our
results. Indeed, for most IFSs, the k attraction points form a poly-
gon that encloses the produced fractals. This means that we can
define a k-sided convex geodesic polygon and apply the geodesic
barycentric interpolation to draw the same pattern on the surface.
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In fig. 4, we compare a planar Sierpinski triangle drawn on a sphere
with geodesic barycentric coordinates against the pattern emerging
from the geodesic formulation of the Sierpinski triangle as in eq. (2).
We see that in both cases the fractal is enclosed by the geodesic
triangle formed by the attraction points. However, as a result of
the linear interpolation, the internal triangles appear less curved
and more skewed, breaking the recursive structure of the fractal. In
contrast, our approach based on geodesic paths produces internal
triangles that are more consistent with the underlying curvature,
resulting in a better visual preservation of the recursion.

4 Conclusions

We presented a new formulation for iterated function systems (IFSs)
based uniquely on the distance from the generating attractor points.
We exploited this new formulation to generalize the generation of
fractals on arbitrary surfaces through well-established approaches
such as the chaos game. Despite being well-defined only inside
convex regions, our formulation produces patterns that faithfully
reflect their planar counterparts. Compared to standard methods
based on decals and geodesic barycentric interpolation, our method
produces shapes that better reflect the deformation induced by the
underlying geometry, resulting in a more coherent visualization.
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