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ABSTRACT

We present a reliable, fully combinatorial method for UV mapping that leverages a Voronoi-based
decomposition of a triangulated surface mesh. Given a sparse set of sample points on the input shape,
we construct the corresponding Voronoi partition and iteratively refine it to ensure that all regions are
topologically equivalent to disks. From the disk decomposition, we propose two directions. On one
side, adjacent regions are merged following a greedy approach that minimizes some objective function,
all while preserving disk equivalence. Alternatively, the regions can be used to guide a cut that
makes the whole surface topologically equivalent to a disk. In both cases, this topological guarantee
enables straightforward and reliable UV parameterization. Our method exhibits an extremely low
failure rate, making it suitable for practical use. In quantitative experiments on standard UV mapping
benchmarks, we achieve performance comparable to state-of-the-art techniques. Furthermore, we
analyze robustness and efficiency across different sampling densities, providing insights into the
computational cost of each step of the pipeline.

1. Introduction

In computer graphics and geometry processing, trian-
gular meshes have become the standard representation for
three-dimensional surfaces. Their simplicity and expressive-
ness make them suitable for a wide range of applications,
spanning from animation and physical simulation to shape
analysis and texture mapping. Among these, UV mapping
plays a central role, enabling the transfer of surface attributes
such as textures and colors from a two-dimensional image
domain to the surface of a 3D model. This is particularly
beneficial for real-time and interactive applications, where
performance requirements impose a low vertex count, and
the high-quality standards force the use of attributes at sub-
vertex resolution.

In the context of computer graphics [41] and manufactur-
ing design [51], significant efforts have been made to design
recursive or repetitive patterns [48, 6], curves [43, 44], and
shapes [55] directly on surfaces. However, most practical
applications require more complex designs and higher effi-
ciency, thus still relying on UV parametrizations that can be
handcrafted by an artist, jointly processed with the surface
for generating procedural patterns [61, 30, 39], or baked with
solid textures [10, 23, 37].

Despite its ubiquity and significance, the construction
of reliable UV maps remains a challenging problem. Many
existing methods are prone to failure in the presence of
complex topologies, irregular sampling, or numerical in-
stability [59], making robustness and predictability critical
requirements for practical use.
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This paper extends [40], where we introduced an ap-
proach to UV mapping that exploits the structural properties
of triangular meshes to design a method that is efficient,
simple to implement, and highly reliable. The key idea was to
build on a Voronoi decomposition of a sparse point sampling
of the input mesh, and to refine this decomposition into
regions that are guaranteed to be topologically equivalent to
disks. Our algorithm proceeds in two phases. First, Voronoi
cells are iteratively subdivided until all regions exhibit disk-
like topology. Second, neighboring regions that share a
substantial boundary component are merged to reduce both
the total number of charts and their perimeter-to-area ra-
tio, while maintaining disk equivalence. This topological
guarantee allows for straightforward UV parameterization
of each region and significantly reduces the occurrence of
degenerate cases.

A primary motivation behind [40] was to minimize the
number of failure cases, which are a persistent obstacle in
existing UV mapping pipelines. With this work, we signif-
icantly expand our previous contribution by demonstrating
that the segmentation algorithm and the merging approach
are not metric-dependent and can be seen as a general
pipeline that can be easily adapted to the desired task. For
instance, in our previous contribution we only considered the
standard geodesic distance to produce regions with minimal
perimeter-to-area ratio; in this extended work, we propose a
discrete version of the isophotic metric [53], which allows
us to localize region boundaries at sharp features.

Furthermore, we consider a different scenario in which
segmentation is not a suitable solution and, instead, a disk
development of the surface is required. Cutting a surface
open and making it topologically equivalent to a disk is a
classical problem in geometry and topology [47], and has
applications for surface parametrization [21] and fabrica-
tion [15]. However, the problem of finding optimal cuts is
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Figure 1: A mesh segmented into regions with disk topology
(a) can be easily parametrized. Those regions can be then
connected to build a cut that makes the surface homeomorphic
to a disk (b) or merged to reduce the number of regions with
a regular shape (c).

NP-hard [12], and even existing approximation can involve
costly optimizations processes [21] or solving challenging
geometrical problems [49]. By exploiting the adjacency
graph in the segmentation, we provide a fully combinatorial,
mathematically correct algorithm to identify a surface cut
that produces disk topology and can be tuned according to
the required metric (see Figure 1). While our approach does
not provide optimality guarantees, the experiments show that
results are in line with other, more costly, solutions based on
optimization processes, and that our cuts are significantly
shorter than those manually introduced by artists (see Ta-
ble 2 in Section 5).

In summary, with this work we provide a general, ef-
ficient, and reliable pipeline for the identification of cut

networks on arbitrary surfaces. Our approach is fully combi-
natorial and produces cuts that can either be used to segment
the mesh or to open it into a topological disk. Furthermore,
our algorithms come with provable mathematical guaran-
tees, and can be tuned with a variety of metrics to achieve
different segmentation and parametrization goals.

We organize the remainder of this paper as follows.
In Section 2, we review prior work on UV mapping and
mesh decomposition. Section 3 presents the background
necessary to introduce our approach. Section 4 describes the
proposed algorithm in detail. Section 5 reports experimental
results and comparisons with existing methods. In addition,
in Section 6, we analyze the robustness of the proposed
method to varying mesh densities, as well as its runtime
performance. Finally, Section 7 discusses limitations and
outlines directions for future research.

2. Related work

The importance of constructing reliable UV maps dates
back to the earliest days of computer graphics [2] and
makes it one of the most active research areas in geometry
processing, even in recent years [1, 5]. Consequently, a
wide variety of different approaches have been developed to
accomplish the task of computing a UV parametrization of
a surface [17].

The standard pipeline to produce a UV parametriza-
tion consists of computing cuts of the surface and then
parametrizing regions separately [3], although recent re-
search efforts have shown that a joint optimization of the
cuts and the parametrization can be an optimal strategy for
computing reliable UV maps [52, 32]. However, the task
of cutting and parametrizing the surface at the same time
can often result in challenging and unstable optimization
problems, and thus the majority of the proposed solutions are
focused on specific subproblems. In our previous work [40],
we proposed a robust algorithm to segment the surface into
easily parametrizable topological disks, but the method was
constrained by a specific metric and was applicable only to
cases where multiple UV islands are acceptable.

UV parametrization. Primarily, studies and efforts have
focused on computing a piecewise linear map from a surface
to the real plane, without concern for segmenting or cutting
the surface. The Tutte embedding [63] was the first to be suc-
cessfully applied to produce a fully bijective mapping (often
also called flip-free mapping), in the case of surfaces with
disk topology. Later, other approaches have been developed
to achieve different goals [25]. Well-established examples
are: (i) the harmonic mapping, which minimizes distortion
and metric dispersion [11], (ii) the conformal mapping,
which locally preserves the angles [31], and (iii) the as-
rigid-as-possible (ARAP) parametrization introduced by Liu
et al. [33], which locally minimizes the length distortion.
More sophisticated methods proposed refined energies and
convoluted optimization problems that try to achieve fully
bijective maps, while at the same time preserving some other
desirable properties. A successful example is the Scalable
Locally Injective Mapping (SLIM) [54], which extends the
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ARAP metric with flip-free energies. Garanzha er al. [18]
proposed a strategy to resolve flipped triangles, given an
initial UV parametrization, by changing vertices positions.
Another solution has been introduced by Gillespie et al. [19],
who propose to remesh the surface in order to compute a
map that is both fully bijective and conformal. Although
most of these approaches can be technically applied to
arbitrary meshes, they are specifically designed to produce
parametrizations of surfaces that are topologically equiva-
lent to a disk, generally requiring a prior step where the mesh
is either cut or segmented.

Surface segmentation. Our approach falls into the cate-
gory of those methods that try to produce a valid segmenta-
tion of the surface, which then can be fed to a UV mapping
algorithm for computing piecewise continuous parametriza-
tion of the entire surface. Earlier attempts revolved around
the identification of feature points [28] or regions with high
curvature [60]. For a more detailed survey on the early strate-
gies of mesh segmentation, we refer to [56]. Other common
strategies were based on the Voronoi decomposition from
a sparse sample set [3], but also to deploy hierarchical
structures [29], and the introduction of developability ener-
gies based on Gaussian curvature [27]. Shapira et al. [57]
proposed to introduce an energy based on the shape diameter
function to obtain a consistent and informative segmentation
of the surface. Spectral approaches based on the eigen-
decomposition of the Laplace-Beltrami operator were also
very popular, primarily relying on K-means clustering [34]
and contour analysis [35] in the spectral embedding. More
recently, Mancinelli e al. [42] developed in this direction
by introducing a spectral pipeline to compute a semantically
meaningful segmentation of a triangular mesh. Despite all
these approaches successfully accomplishing their goal of
segmenting a surface while highlighting or representing
some types of features, they still present some limitations.
On one side, most of the currently available solutions are
based on the solution to numerical optimization problems,
which makes them prone to failure and does not always guar-
antee the optimal solution. On the other hand, none of the
discussed approaches is principled toward a decomposition
into topological disks, which is a better fit for UV mapping
algorithms.

Disk development. Rather than segmenting the surface,
it is well-known that, given an arbitrary surface of genus
g, it is always possible to find a cut network that opens
the surface into a topological disk [47]. A particularly in-
teresting case in geometry and topology is the cut network
of minimum length, whose computation has been proved
to be NP-hard [12]. Earlier approaches constructed the cuts
by expanding from a single point [14, 16] or exploited
user interactivity to supervise the choice of the cut [50].
Later, Erickson et al. investigated greedy approaches for
approximating the minimum cut network in polynomial time
using spanning trees to connect boundary components [12]
or to identify sub-graphs and cycles in the homology basis of
the surface [13]. However, these approaches focus on finding
the minimum number of cuts, rather than a cut of minimal

length, while other related results outsource the homol-
ogy computation, which is a non-trivial task in the general
case [49]. A successful approach for the identification of a
cut network for disk development has been introduced by
Gu et al. with the Geometry Images work [21]. Similarly to
modern UV parametrization techniques, this method jointly
computes the cut and the parametrization into the unit square
through an iterated optimization process, which is based on
a previous solution from Dey et al. [7]. While effective on
arbitrary surfaces, this approach specifically optimizes for
cuts and parametrizations that allow for seamless blending
of surface coordinates and normal vectors. Consequently,
the resulting cuts are not best suited for minimal length
constraints or applications where localization (e.g., at sharp
features) is required.

3. Background

Continuous setting. In this work, we consider a sur-
face as a 2-dimensional Riemannian manifold M embed-
ded in R3, possibly with boundary dM. Given two points
x,y € M on the surface, we denote with d,(x, y) their
geodesic distance over M. A segmentation of M is a set
SM) = {S,--,S;} of compact submanifolds of M,
where Uf;l S; = Mand Vi # j, S nS; is either
empty or a 1-dimensional manifold (i.e., a curve). For deeper
discussions about surfaces and Riemmanian manifold, we
remand to [9, 46].

The UV mapping (or parametrization) of a manifold
M is a continuous bijective map ¢ : M — R2. When
such a map cannot be found, we also admit as a valid UV
parametrization a piecewise continuous bijective map @ :
M — R? defined by means of a segmentation S(M) as

P(x) = @i(x) = x€5, ey

where @, : §; — R? is a continuous bijective map (i.e., a
UV map for S;). We remand to a recent survey from Fu ez
al. [17] for additional details on UV parametrization.

Discrete setting. We discretize a 2-dimensional manifold
M as a triangular mesh M = (V, E, T), where:

e V C R3is aset of vertices;
e T C V3 is aset of triangles between vertices in V;
e E C V7 is aset of edges inferred from the triangles.

Although we admit meshes with self-intersections and
an arbitrary number of boundary loops, throughout this work
we require our meshes to be manifold, which means

e no more than two triangles can share a single edge;
e a vertex must be surrounded by a single triangle fan
(either open or closed).

Appendix D discusses how our solution can be extended to
non-manifold meshes.

Given a triangular mesh M = (V, E,T), as discussed
in [24], we can define the dual mesh of M denoted with
M = (17, E, T), where:

F. Maggioli and S. Melzi

Page 3 of 15



Diskify: a combinatorial approach to the computation of cut networks on surfaces

; € V is the dual vertex of the triangle ¢;;

ij = (0;,0;) € E is the dual edge of the edge shared
by ¢;, 1; € T;

e i, € T is the dual face of vertex v; € V.

o D
® ¢

For more details about dual meshes, we refer to [24].

A distance function over the surface is discretized as
a function d,, V XV — R that satisfies the metric
axioms w.r.t. the space of mesh vertices [20, §1]. While the
exact geodesic distance can also be defined for triangular
meshes [45], also shortest paths on the mesh graph are a
perfectly acceptable distance function, often preferable to
the exact geodesic distance due to the higher efficiency and
numerical stability of Dijkstra’s algorithm [8].

The UV parametrization of a triangular mesh M =
(V, E,T) is a piecewise linear map J : M — R? that maps
each triangle ¢; € T into a triangle in R? by means of a linear
map J;. In the discrete setting, we can segment a triangular
mesh by partitioning its triangles, and we can still produce
a UV parametrization by mapping segments separately. We
refer to the book by Botsch er al. [1] for a deeper discussion
on geometric algorithms for triangular meshes.

4. Proposed method

Our approach for producing a UV parametrization of a
mesh M = (V, E,T) can be summarized as follows:

1. produce a Voronoi decomposition of the surface ac-
cording to the given metric (Section 4.1);

2. refine the decomposition to ensure regions have disk
topology (Section 4.2.1), then choose:

(a) merge regions to optimize objective function
while keeping the disk topology (Section 4.2.2);
(b) use regions boundaries to identify a cut that
develops the surface into a disk (Section 4.2.3);

3. compute the UV map of each region or produce a UV
parametrization for the entire surface (Section 4.3).

4.1. Voronoi decomposition

As discussed in Section 3, a segmentation of a triangular
mesh consists of a partitioning of its triangles. By consid-
ering the dual mesh M = (17, E, T), we lift the problem of
partitioning triangles of the primal mesh to the partitioning
of the vertices of the dual mesh. One common approach, also
used by well-known geometry processing software such as
MeshLab [3], for partitioning discrete surfaces with respect
to their vertices is to compute the geodesic Voronoi decom-
position. Given a set of sample vertices P = {p;,---,p,} C
V on the surface, the geodesic Voronoi decomposition of M
is a set Vor(M, P) = {Vor(M, P1)s s Vor(M,pn)} such
that

Vor(M,p,-) ={veM: p; = argmin d (v, p;) ¢, (2)
pjEP

according to some distance function d ;.

Algorithm 1 Subsampling algorithm.

1: procedure SUBSAMPLING(M, P, k)

2 S <0

3 for p; € P do

4: M, « submesh induced by Vor(M, p;)
5: if y(M;) =1 then

6: S« Su{M;}

7 else

8 P’ « VORONOIFPS(M,, k)

9: S; < SUBSAMPLING(M;,, P, k)
10: S« SUsS;
11: end if
12: end for
13: return S

14: end procedure

To ensure an even coverage of the surface and an efficient
decomposition, we employ the algorithm presented by Mag-
gioli et al. [38], that jointly computes a farthest point sam-
pling of n sample points and their Voronoi decomposition
in time O (|I7| log |V]log n) While this method requires
applying Dijkstra’s algorithm to the dual mesh graph, we
stress that the edge weights can be defined using arbitrary
distance functions.

In our experiments, we test our algorithm using two
different distance functions for weighting the edges: the
geodesic distance between the barycenters of adjacent tri-
angles, and the dihedral angle between the triangles. Details
are provided in Section B.

4.2. Decomposition refinement

Given an initial Voronoi decomposition of the surface,
we then consider a refinement strategy that produces either
a decomposition of the mesh into topological disks (Sec-
tion 4.2.2) or a cut network along the edges that develops
the mesh into a topological disk (Section 4.2.3).

4.2.1. Subsampling

A geodesic Voronoi decomposition provides a valid seg-
mentation of the surface, but it does not provide any guar-
antee about the topology of Voronoi regions (see the dark
blue region on the left frame in Figure 2), as instead required
by our UV mapping solution. Liu et al. [36] have shown
that, with sufficient sampling density, Voronoi regions can be
guaranteed to be topologically equivalent to a disk; however,
their approach results to be computationally inefficient and
produces a number of regions that quickly becomes incon-
trollable. In contrast, we consider the fact that a compact
surface M (continuous or discrete) is a topological disk if
and only if its Euler characteristic y(M) = 1.

This notion can be exploited to refine the initial sampling
and produce a Voronoi decomposition into topological disks.
As mentioned earlier, with enough sample points, Voronoi
regions are guaranteed to be topologically equivalent to a
disk. However, instead of increasing the sampling density
everywhere, we consider the fact that some Voronoi regions

F. Maggioli and S. Melzi

Page 4 of 15



Diskify: a combinatorial approach to the computation of cut networks on surfaces

Voronoi
Decomposition

Subsampling

Region Merging

Figure 2: Left: the geodesic Voronoi decomposition of the surface produces regions that are not topologically equivalent to a disk.
Middle: our first refinement step adds sample points to the critical areas, ensuring that each Voronoi region is a topological disk.
Right: our greedy merging algorithm minimizes the number of regions in the decomposition, while still ensuring a segmentation

made of topological disks.

may already satisfy this condition. Consequently, we only
need to further decompose the other regions. Consider the
sample p; and the Voronoi region Vor(M, p;) associated
with the sample. If such region is topologically equivalent
to a disk, we leave it as is. Otherwise, we consider the
submesh M, = (V;, E;, T;) C M induced by Vor(M, p,), and
we recursively call the SUBSAMPLING procedure to apply a
Voronoi decomposition. The procedure is summarized in Al-
gorithm 1, and produces a valid decomposition of the mesh
into topological disks (see the middle frame of Figure 2).
The complexity of the algorithm is © (|V|log? [V |logk),
and the analysis is reported in Appendix C.

Proposition 1. Given a mesh M = (17, E, T) and a set of
sample points P, the procedure described in Algorithm 1
terminates and produces a decomposition of M into topo-
logical disks.

Proof. See Appendix A. O

4.2.2. Region merging

As shown in the middle plot of Figure 2, the subsampling
procedure could produce a large number of small regions.
While this makes it easier for UV mapping algorithms to
locally parametrize the surface, the dramatic fragmentation
of the resulting global parametrization could virtually have
no practical use.

To overcome this issue, we introduce a greedy strategy
to iteratively merge adjacent regions while maintaining a
decomposition into topological disks. Our approach takes
advantage of the inclusion—exclusion principle for the Euler
characteristic with compact support in a locally compact
space, that is

IMUN)+ gMAN) = y(M)+ x(N).  (3)

For each pair of adjacent regions M; and M, we can easily
verify if their boundary M; N M; is a topological segment

Algorithm 2 Region merging algorithm.
1: procedure REGIONMERGING(M, S, €)

2: G =V, ) < dual graph of segmentation .S
3: while G is unchanged do

4 O < empty priority queue

5: for (S;,5;) € £do

6: if x(S;nS;)=1then

7: 9;; < SCORE(M, S;, S))

8 if 9;; > € then

o: 0 .push(9;;, (S;, S;))

10: end if

11 end if

12: end for

13: if |Q| > O then

14: (S;.S;) < Q.pop()

15: Merge .S; with .S; and update §
16: end if

17: end while

18: end procedure

(i.e., y(M;nM;) = 1). By recalling that y(M;) = y(M;) =
1, it follows that the union region M; U M; is a topological
disk (i.e., y(M; U M) = 1) iff y(M; n M;) = 1. By taking
advantage of appropriate data structures like hashmaps and
hashsets, these conditions are efficiently verifiable.

We propose a greedy merging algorithm, which is sum-
marized in Algorithm 2 and proceeds as follows. Firstly,
we compute the dual graph of the segmentation, where
each node represents a region and each edge represents
the adjacency between regions. We then filter out all edges
between regions whose union does not form a topological
disk, and for the remaining edges, we compute a score that
depends solely on the two regions and can be defined by
the application. We also consider using a threshold € for the
score to exclude all pairs of regions that would merge into a
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Algorithm 3 Cut identification algorithm

1: procedure CUTTODISK(M, S, w: weight function)
2: E«0

3 fori # j do

4 for B€ S;nS;do

5 if 13 is not a point then

6: E<EU{(S;, S, B, wB)}
7: end if

8 end for

9: end for

10: G« (5,8

11: T <« MINSPANTREE(Q)

12: F < &E\T

13: Br <0

14: for e = (S, S;, B,,w(B,)) € F do
15: By < Br U B,

16: end for

17: Cut M along By
18: end procedure

region that does not satisfy the quality criterion captured by
the score. If there are edges left, we select the edge with the
highest score, collapse the nodes in the graph, and merge the
corresponding regions. This whole process iterates until the
graph remains unchanged, indicating that no more regions
can be merged. In Appendix C, we prove that the time
complexity of Algorithm 2 is O (|.S|?|V]).

The application of Algorithm 2 produces fewer larger
regions, reducing decomposition fragmentation and result-
ing in a more accessible segmentation. The example in the
right frame of Figure 2 shows how small regions, such as
those on the arm and the child, can be merged to simplify
the decomposition while still preserving the disk topology.

4.2.3. Cut identification

Alternatively to the region merging step, we consider the
possibility of identifying a subset of the region boundaries
realizing a cut that develops the surface into a topological
disk. In this regard, we expand the idea of dual graph for
a segmentation .S and introduce the notion of dual multi-
graph. Similarly to a dual graph, the vertices of the multi-
graph correspond to the regions in the segmentation, but
in this case adjacent vertices are allowed to be connected
through multiple edges. In particular, each edge connecting
S; and S; corresponds to a connected component in the
boundary §;N.S;. In order to avoid ill-defined cuts, we ignore
all the boundary components corresponding to single points.

Theorem 1. Let S be a segmentation of a connected surface
M into topological disks, such that |S| > 3, and let G be the
dual multi-graph induced by S. Let us consider a spanning
tree T for the multi-graph G, and consider the set F =
EN\T of edges that are not in T . The boundary components
associated to the edges in F form a curves network By that
cuts M into a topological disk.

Proof. See Appendix A. O

The cut identification algorithm, detailed in Algorithm 3,
describes the procedure we use for cutting surfaces to a
disk. Lines 2-10 describe the process for building the dual
multi-graph from the segmentation. Namely, for each pair
of adjacent regions S; and §;, we iterate over the connected
components of their boundary. If the component 3 is not a
single point, we add an edge between S; and S}, associated
with B and weighted according to an input weight function.
By Theorem 1, the complementary edges to the minimum
spanning tree (Lines 11-12) identify a cut of the surface into
a topological disk. The remainder of the algorithm (Lines
13-17) consists in computing the curves on the surfaces
associated to cut edges, and executing the surface cut. The
time complexity of the algorithm is © (|V'|log|V|), and a
detailed analysis is provided in Appendix C.

4.3. Parametrization

The major advantage of our approach, is that it is not
bounded to a specific UV parametrization algorithm. In-
deed, our method cuts the surface into one or more topo-
logical disks, which are easier to parametrize using well-
know methods like harmonic mapping [11], conformal map-
ping [31], and as-rigid-as-possible mapping [33]. Conse-
quently, our method can be plugged in any parametrization
pipeline relying on a segmentation of the surface [63, 54,
18], but it can also be injected into algorithms that jointly
perform segmentation and parametrization [19].

When the surface is segmented into multiple disks, in
our implementation, we use a naive packing algorithm that

arranges the k regions in a square grid of side p = [\/E] . We

also search for the optimal rotation that maximizes the total
area of each region when it is rescaled to fit the bounds of
its cell. We note that the grid arrangement is only relative
to the placement of the regions; in case of boundary-free
parametrization methods, we don’t constrain the boundary
and only apply a rescaling to make the region fit inside
the grid cell. Although this approach does not produce an
optimal packing, it is very efficient and can be easily replaced
with more optimized algorithms.

5. Results

We implemented our method in C++, using Eigen [22]
and libigl [26]. The source code is available at https://
github.com/filthynobleman/comb-uv.

Baselines. For the UV parametrization step, we con-
sider the harmonic mapping algorithm proposed by Eck
et al. [11], eventually refined by the as-rigid-as-possible
parametrization introduced by Liu et al. [33], as well as the
conformal mapping technique presented by Levy et al. [31].
For all of these algorithms, we rely on the implementa-
tion provided in libigl [26]. Using these parametrization
techniques, we compare our segmentation approach (Algo-
rithms 1 and 2) against various segmentation techniques. As
a naive baseline, we consider a geodesic Voronoi segmen-
tation (Voronoi) [3], plus an iterated version that guarantees
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. area angle flipped cut failure . area angle flipped cut failure
segmentation . . . segmentation . . .
dist.  dist.  triangles length rate dist.  dist.  triangles length rate
Voronoi 0.75 1.39 1.03% 13.53 3.15% Voronoi 0.83 1.48 1.47% 16.15 0.32%
| Voronoi lter.  0.72 1.39 0.43% 13.14 0.4% | Voronoi lter.  0.81  1.47 0.55% 17.43  0.37%
S| Shape Diam. 0.85 1.44 3.45% 0.43 50.99% §] Shape Diam. 1.25 1.92 6.52% 0.83 68.63%
§ Spectral 099 1.98 2.07% 11.54 58.28% g Spectral 099 1.98 2.07% 11.54 58.28%
T| Disks (Geod.) 0.87 1.08 1.47% 3.11 0.04% T| Disks (Geod.) 0.99 1.22 1.94% 4.63 0%
Disks (Angle) 0.94 1.36 0.17% 23.64 1.62% Disks (Angle) 1.01 1.41 0.38% 14.59 0%
Voronoi 0.42 0.27 2.56% 7.58 87.26% Voronoi 0.45 0.35 3.42% 7.77 84.69%
=| Voronoilter. 0.80 5.22 0.75% 1276  8.37% =| Voronoilter. 0.85 5.28 0.95% 16.88  9.12%
§< Shape Diam. 0.63 0.96 10.41% 0.33 68.29% §< Shape Diam. 0.98 1.67 2.23% 0.81 82.25%
€ Spectral 0.79 0.77 7.18% 6.11 85.61% b= Spectral 0.79 0.77 7.18% 6.11 85.61%
S| Disks (Geod.) 0.78 0.56 4.90% 1.78 44.38% S| Disks (Geod.) 096 0.71 6.34% 2.90 50.01%
Disks (Angle) 1.03 5.99 0.32% 13.64 7.56% Disks (Angle) 1.07 6.28 4.91% 8.92 6.28%
Voronoi 0.45 0.36 2.62% 1353  3.16% Voronoi 0.47 0.44 3.72% 16.15  0.34%
Voronoi lter. 091 431 16.26% 12.67 4.75% Voronoi lter. 0.97 4.68 15.19% 16.85 0.59%
%) Shape Diam. 043 1.01  9.26% 040 51.27% %] Shape Diam. 0.65 146 1512% 075 68.84%
g:: Spectral 0.49 0.51 3.04% 11.54 58.28% §< Spectral 0.49 0.51 3.04% 1154 58.28%
Disks (Geod.) 0.59 0.77 5.62% 311 0.09% Disks (Geod.) 0.68 0.90  7.06% 4.63 0.02%
Disks (Angle) 1.15 4.27 7.88% 23.74 2.08% Disks (Angle) 1.22 4.92 10.01% 14.83 1.79%
Artist 0.28 0.91 7.45% 5.52 0% Artist 034 1.21 10.22% 7.48 0%
OptCuts 0.05 0.13 ~0% 1.47 12.09% OptCuts 0.05 0.15 ~0% 2.12 17.27%
Cut (Geod.) 1.07 230 1.79% 4.09 0%
Table 1 Cut (Angle) 1.06 217 213%  4.45 0%
Results on the parametrization benchmark [59] on the manifold
Table 2

shapes in the Uncut category. Segmentation methods are
compared under the same parametrization algorithm.

disk topology (Voronoi Iter.) [11]. The shape diameter seg-
mentation proposed by Shapira et al. (Shape Diameter) [57]
is a standard clustering algorithm that produces short seams
localized at sharp features. We also consider a spectral
method introduced by Mancinelli et al. (Spectral) [42] for
segmenting surfaces into semantically distinct regions. For
reference, we report the benchmark evaluation on the cuts
and parametrizations provided by the artists, as well as
the results of the OptCuts algorithm [32], which jointly
optimize for a segmentation and a UV parametrization of
the surface. For non-disk input meshes, we also consider the
parametrization obtained by cutting the mesh into a disk with
Algorithm 3 and mapping it with the Tutte’s embedding [63].
For our methods, we consider two variants using different
distance metrics, score functions, and boundary weights. De-
tails are reported in Appendix B. We use an initial sampling
with 10 samples and a recursive refinement with 5 samples.
However, we provide in Appendix D a discussion on how to
automate the number of samples.

Dataset. We conduct our experiments on the parametriza-
tion benchmark proposed by Shay ez al. [59]. With this work,
the authors introduced a dataset for mesh parametrization
that comprises ~6.5k surfaces of different topologies and
geometries (the Uncut category), plus ~12k surfaces with
cuts already provided (the Cut category). Since we focus on
segmentation algorithms, we select the manifold meshes of
the Uncut category.

Metrics. Each shape in [59] comes with a UV parametriza-
tion provided by an artist, and the authors did also pro-
vide a benchmarking application for evaluating algorithms;
we use such application for our quantitative analysis. The
benchmark application compares the 3D triangles and their
parametrization in 2D, and reports the average relative

Results on the parametrization benchmark [59] on the manifold
shapes in the Uncut category, only considering shapes that
have non-disk topology. Segmentation methods are compared
under the same parametrization algorithm.

difference between their areas (area distortion) and their
angles (angle distortion). It also computes the average length
of the cut over the surface and the average percentage of
flipped triangles, where a triangle is considered flipped if
its Jacobian has non-positive determinant. If the segmen-
tation (or the parametrization) algorithm crashes, or if the
parametrization has null, infinite, or undefined area, the
benchmark considers it as a failure case. All the results are
averaged on the cases for which the methods successfully
find a parametrization. The percentage of failure cases is also
shown in the last column.

Evaluation. We summarize the results of our compar-
isons in Table 1, averaging all the metrics on the cases for
which the methods successfully find a parametrization. The
percentage of failure cases is shown in the last column. We
stress that, as it is standard practice in texture mapping,
we parametrize regions to the unit square, which can cause
the UV map of some boundary facets to be degenerate and
cause a non-negligible amount of flips even with robust
mapping algorithms such as the Harmonic embedding. We
additionally report the results of a similar comparison in
Table 2, where we only consider the more challenging subset
of meshes that do not have disk topology.

We see from the tables that the shape diameter approach
and the spectral based method produce segmentations that
cannot be parametrized in a significant number of cases. This
is mainly due to these method being unable to guarantee
disk topology, often producing non flattenable or non convex
regions. This is even more evident when we compare the
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Voronoi
Iterated

Disks (Geod.) Disks (Angle)  Voronoi Spectral  pShape

Figure 3: Comparison between the cuts along the mesh
introduced by the different segmentation algorithms on an
object in the parametrization benchmark dataset from Shay et
al. [59]. Top row: objects are rendered in slight transparency
to show the cuts on the other side. Bottom row: regions are
colored differently to highlight the segmentation.

reliability of the base Voronoi decomposition with its iter-
ated version that guarantees disk topology, highlighting how
a disk decomposition can be beneficial to parametrization
tasks. However, as can be noticed in Figure 3, the total
absence of geometric priors and refinement strategies in the
iterative Voronoi decomposition tends to produce very fine
segmentations with a long total cut length. Interestingly,
when using the conformal mapping algorithm, the failure
rate for all the methods increases drastically because the
eigensolver fails to converge. By comparing the results for
conformal mapping between Tables 1 and 2, we can see
that our approach fails significantly less and that meshes
without disk topology are more challenging; this suggests
that disk decomposition simplifies the parametrization by
favoring the convergence of the eigensolver, an hypothesis
supported by the results obtained with the iterative Voronoi
decomposition. In particular, with the angle-based distance,
the failure rate drops drastically, suggesting that this metrics
tends to produce flatter regions and induces a more suitable
decomposition for conformal parametrization. This behavior
is also confirmed by the reduced number of flipped triangles.
However, such metric tends to produce irregular regions and
unreasonably long cuts (see Figure 3), negatively affecting
the area and angle distortion in the map; similar results are
obtained with the iterative Voronoi decomposition, which
also produces very small regions with irregular boundaries.

In contrast, the geodesic metric seems to be more suit-
able to improve the regions regularity and reduce the total
length of cuts. Due to the region merging score that mini-
mizes the perimeter-to-area ratio, our method is able to dras-
tically reduce the amount and the total length of cuts needed
by the simple and iterated Voronoi decompositions, high-
lighting the actual contribution of our pipeline. Similarly,
when the spectral-based method produces a high number
of critical points, the number of regions is not optimized.
Furthermore, this latter strategy produces a vertex-based
partitioning; when we convert it to a triangle-based parti-
tioning, some jagged edge lines are produced that further

50k vertices 200k vertices

10k vertices

Figure 4: Our disk segmentation algorithm applied to meshes
at different resolutions, using the same set of starting Voronoi
samples.

increase the cut length (see Figure 3). From Figure 3, we
can also appreciate that the shape diameter approach tends to
produce clean cuts, aligned with sharp features of the object.
This results in shorter cut lengths, on average (see Tables |
and 2). Nevertheless, this approach is unaware of the topo-
logical information of the regions it produces, resulting in a
large number of non-disk regions that are more challenging
to parametrize, and consequently in a significantly larger
failure rate in the parametrization step.

For most of the approaches derived from our contribu-
tion, the results are aligned with the parametrization ob-
tained by the artists. This suggests that our method can be
employed as a fast and reliable parametrization technique,
especially in applications where no fine control over seam
placement is needed (i.e., procedural texture baking).

Finally, we see that the OptCuts [32] method achieves
impressive results in terms of parametrization quality, but
this comes at the cost of a non-negligible failure rate due to
numerical errors in the optimization procedure, which result
in diverging or undefined texture coordinates. On top of that,
we stress that OptCuts assumes the possibility of remeshing
the surface prior to the optimization procedure, making it
unsuitable for many practical applications.

6. Analysis

A major advantage of both our approaches (i.e., shape
segmentation and surface cut) is that they are fully combi-
natorial. By not involving numerical steps in our procedure,
we are always able to produce a valid decomposition of the
surface or a valid cut, independently of the geometry and
connectivity of the mesh. This, combined with the fact that
the parametrization algorithms can be fed with only disks,
results in the high reliability of our approaches, which is
proved by the significant improvement in the failure rate
shown in Tables 1 and 2.

Another advantage of our disk decomposition approach
is the consistency of the cuts. By looking at Figure 4, we can
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Voronoi

Voronoi

: Shape
Iterative

Diameter

Spectral

Figure 5: Comparison between the UV parametrization produced by our approaches and the other methods considered in our
experiments. The resulting parametrization is used for generating a procedural texture via surface-based simulations. The texture
image is shown on the bottom row (gray is used to identify unused areas of the texture).
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Figure 6: Runtime of each step in our disk segmentation
algorithm plotted against the number of triangles in the
surface. Times are averaged across all the meshes with a
triangle count in the corresponding order of magnitude. Both
axes are plotted in logarithmic scale.

appreciate how the algorithm produces similar decomposi-
tions at different resolutions of the same shape. Although
the segmentation may be different, we can see how more
detailed areas are decomposed into a larger number of small
patches, while areas with lesser detail are partitioned into a
few larger regions. From Figure 4, we can notice that this
behavior is also consistent across different shapes. Indeed,
both the octopus and the chomper have tentacles, which are
segmented in a similar fashion. On the other hand, the head
of the octopus is always decomposed into one or two regions,
similarly to the head and the larger leaves of the chomper.
The disk decomposition also positively impacts appli-
cations where we jointly process the surface and the UV
parametrization. This often happens in procedural textur-
ing applications, where patterns emerge from surface-based
simulations [39, 62] or numerical solutions to differential
equations [61, 30]. In Figure 5 we show how a surface-based
simulation can benefit from our disk decomposition. In par-
ticular, the presence of multiple boundaries and overlapping
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Figure 7: Runtime of each step in our surface cut algorithm
plotted against the number of triangles in the surface. Times
are averaged across all the meshes with a triangle count in
the corresponding order of magnitude. Both axes are plotted
in logarithmic scale.

parametrizations results in significant discontinuities at the
seam edges, as well as dramatic resolution inconsistencies
even between adjacent regions, despite the texture being
4096 x 4096 pixels (this behavior is especially visible on
the legs). In contrast, our decomposition algorithm always
produces regions that are topologically equivalent to a disk
both in R3 and in texture space, resulting in seamless bound-
ary connections and a more evenly distributed texture reso-
lution. While, in principle, this is true for the parametrization
obtained from the cut surface, the cut does not provide any
guarantees about the map distortion, resulting in dramatic
stretches that can negatively affect the quality of the texture.
Similarly, the analysis of the iterative Voronoi decomposi-
tion shows that the straightforward decomposition into disks
is not sufficient. Without a refinement strategy, poorly trian-
gulated regions (e.g., the bottom of the base) could produce
regions with highly irregular shapes; as a result, those re-
gions and their immediate surrounding suffer from the same
type of artifacts as the other decomposition approaches.
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For all decomposition, we used the conformal mapping and
texture packing algorithm implemented in Blender 5.1 [4].
Finally, we present a runtime analysis of our approach
in Figures 6 and 7. We partition the dataset from Shay et
al. [59] into five bins, depending on the order of magnitude
of the triangle count (x-axis). We run our method, using the
Tutte’s parametrization algorithm [63] for the unwrapping
step, and average the runtime of each stage of the pipeline (y-
axis). The preprocessing step consists in the construction of
the dual mesh graph. For visualization purposes, we plot the
values on a log-log scale. We can observe that all the steps
in the pipeline scale roughly linearly with the input size,
with the merging step becoming the slowest for larger inputs.
Remarkably, we notice that computing the cut is significantly
more efficient than merging regions. Computing the cut
requires a single iteration over the boundaries of the regions:
when the multi-graph is computed, we only have to compute
the minimum spanning tree (see Algorithm 3). Instead, the
region merging procedure discussed in Algorithm 2 re-
evaluates the boundaries at every iteration, as merging two
regions could potentially change their relationship with other
nearby regions. Clearly, the runtime performance of the
unwrapping step depends on the choice of the algorithm,
which in this case is dominant for the inputs at the lowest
resolutions but scales better as the triangle count increases.

7. Conclusions

We expanded our method (originally introduced in [40])
for computing a segmentation of a surface into topological
disks, generalizing the segmentation algorithm to be guided
by any locally defined metric. We further extended our solu-
tion to exploit the disk segmentation and compute a cut of the
surface that develops it into a topological disk. Our approach
is fully combinatorial, allowing us to reliably compute cuts
and segmentations for surfaces of arbitrary topology and
geometry with negligible failure rate. Our solutions have
provably low computational complexity, and the provided
implementation is practically efficient in terms of runtime,
making it a robust and scalable tool for different downstream
applications. The produced cut networks can be reliably used
to compute a fast parametrization of the surface, which is
beneficial for procedural texturing applications requiring bi-
jective UV maps. When used for parametrization purposes,
our disk decomposition strategy produces state-of-the-art
UV maps, comparable with handcrafted artist works. Ad-
ditionally, our solution for disk development can efficiently
compute cuts of short length, providing a useful tool for fast
approximation of optimal cuts.

Our multi-stage pipeline is modular by design and can be
easily extended or tuned to target different and more specific
applications, as demonstrated by our use of different metrics.
In particular, the parametrization of the single regions can
be accomplished with any method for the unwrapping of
topological disks; by processing the regions and analyzing
their properties, it would also be possible to use more so-
phisticated parametrization algorithms to unwrap different

regions. Our method can also be applied as a step into more
complex pipelines; for instance, one can compute an initial
segmentation with properties required for a specific applica-
tion and then adopt our strategy onto non-disk topologies to
obtain a disk decomposition of the entire surface.

We notice that the efficiency of our implementation de-
pends on the deployment of scalable algorithms and comes
at the cost of some limitations. Specifically, we employ a fast
Voronoi decomposition algorithm to approximate distances
with Dijkstra’s shortest paths relative to the provided metric.
Consequently, our solution can only be applied on locally
defined metrics and the Voronoi tessellation is not required
to be centroidal. Finally, we stress that some steps of the
pipeline can be naturally improved by adopting more effi-
cient and specific data structures (e.g., structures supporting
fast intersections and unions in the merging stage) or more
sophisticated and advanced strategies (e.g., dedicated pack-
ing algorithms for a space-efficient UV atlas).
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A. Proofs

Proposition 2. Given a mesh M = (17, E, T) and a set of
sample points P, the procedure described in Algorithm 1
terminates and produces a decomposition of M into topo-
logical disks.

Proof. If Vor(M, p;) is a topological disk for all p;, then
the condition at Line 5 is always met and the recursion is
never called. Consequently, the algorithm terminates and .S
contains a decomposition of M into topological disks.

Otherwise, let p; such that Vor(M, p;) is not a topolog-
ical disk, and let us consider the induced submesh M; =
V;, E;,T). If |V;| < k, the mesh is decomposed into its
single vertices, which induce topological disks by definition
of manifold mesh: M; is decomposed into topological disks
and the algorithm continues to the following iteration. If
[V:| > k, the procedure is called recursively on M;. How-
ever, since M; C M, then [Vl < |V, meaning that each
level of recursion reduces the size of the mesh. Eventually,
the algorithm will produce a mesh M* = (V*, E*, T*) such
that |V*| < k and the recursion will terminate.

Each recursive step produces a decomposition of the
submesh into topological disks. Since the union of all these
regions will result in the original mesh M, the algorithm
successfully produces a decomposition of M into topologi-
cal disks. O

Lemma 1. Let S be a segmentation of a connected surface
M into topological disks, such that |S| > 3. For each
S, S; € S, ifS; # S;and S; nS; # O, the connected
components of the boundary S; N S; are either single points

or topologically equivalent to a segment.

Proof. By contradiction, assume for some S, .S s there is a
component 3 C S;N.S; thatis neither a point or a topological
segment. Since B is a 1-dimensional manifold, then it must
be a closed curve, homeomorphic to a circle. Since both S
and S; are topological disks (whose boundary is homeomor-
phic to a circle), then B = S; n.S;. Consequently, S; U S is
homeomorphic to a sphere without any boundaries, meaning
that S; U Sj = M. Thus, {S,, Sj} is a segmentation of M,
which contradicts |.S| > 3. O

Theorem 2. Let S be a segmentation of a connected surface
M into topological disks, such that |S| > 3, and let G be the
dual multi-graph induced by S. Let us consider a spanning
tree T for the multi-graph G, and consider the set F =
EN\T of edges that are not in T . The boundary components
associated to the edges in F form a curves network By that
cuts M into a topological disk.

Proof. We first consider that each edge e € £ corresponds
to a boundary component 3, homeomorphic to a segment.
Indeed, by Lemma 1, B, can only be a topological segment
or a single point, but the latter is excluded by construction.

Let us now construct M’ by merging regions in S along
the boundary components associated to edges in 7. We
start with M = .S;, and inductively show that M, is
homeomorphic to a disk.

(a)

(b) - S
k4 {

Figure 8: Left (a): Voronoi decomposition of a surface using
geodesic edge weights, as in Equation (5). Right (b): the same
surface and number of points, but using the angular weights,
as in Equation (6).

M,: Since S, € S, then M, = § is a topological disk.

M,;: Let e € 7 be an unvisited edge whose associated
boundary component /3, belongs to a region in M,_j,
and let us consider the unvisited region .S, incident on
the boundary component 53,. Surface M, is obtained
by gluing M,_; to S, along the boundary component
B,. By the inclusion—exclusion principle for the Euler
characteristic, it follows

XM = y(Mi_p) + x(S) — x(B) =1, (4
meaning M, is topologically equivalent to a disk.

We remark that M is connected, meaning that any two
regions .S; and .S; can be joined by a path crossing a
finite number of codimension-one boundaries, hence G is
connected as well. Consequently, since 7 is a spanning tree,
it connects all the regions in S

We now prove that M’ U Br = M. Let p € M be
any point on the surface. If p belongs to the interior of
some region S;, it also belongs to M’ and we are done.
Otherwise, let S; and §; be two regions such that p €
S; N .S;. If p belongs to a component of the boundary that
is homeomorphic to a segment, it either belongs to M’ or
to Br and we are done. If that is not the case, there must
be a third region S, such that a connected component of the
boundary S; N S} has p as an extrema, which reduces to the
previous case.

Since M’ is homeomorphic to a disk and M'UBr = M,
then Bz cuts M into a topological disk. O

B. Metrics

As discussed through the paper, our pipeline can be
tuned with arbitrary metrics to identify distances, merging
scores, and boundary weights. Here, we briefly discuss the
different alternatives we propose in our implementation,
but we stress that more sophisticated application-dependent
metrics can be easily applied as well.
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B.1. Distance function

The Voronoi decomposition of a surface is defined for
any valid distance function that satisfies the metric ax-
ioms [20, §1]. However, to guarantee the scalability of our
algorithm, we rely on the implementation of Voronoi decom-
position provided in [38], which binds us to the application
of Dijkstra’s algorithm on the dual mesh-graph. In order to
evaluate our algorithm under different settings, we consider
two alternative weight functions for the edges. A comparison
between the two weight functions is depicted in Figure 8.

Geodesic distance. While the standard L,-norm is suf-
ficient to represent geodesic distance in the neighborhood
of a primal vertex, the dual mesh requires some additional
attention. Indeed, a straight edge connecting barycenters of
adjacent faces can significantly underestimate their actual
geodesic distance. Instead, we use the triangle unfolding
method to compute the exact geodesic distance between the
barycenters, as described in [58]. For a better numerical
stability, we consider the following. Given two flattened
adjacent triangles 7;;, and 7;;,, the distance between their
barycenters b; ., bj;, can be computed as

1 1
Wbijic = bjiell = Hg(vi +oj o) -3+ v+ o) ,

1
= §||Uk —vllp-
%)

This allows us to compute the distance between barycenters
by handling larger and more numerically stable angles.

Isophotic distance. While the geodesic distance is useful
to determine regions by means of their size, many applica-
tions require that surface cuts align to sharp features (i.e.,
areas with high curvature). To this end, we consider using
the purely isophotic distance [53], a metric based on the
variation of the surface normals. Despite being well-defined
on continuous surfaces, the no existing solutions address the
exact computation of the isophotic distance on triangular
meshes.

Instead, we provide an approximation, defined on the
dual mesh graph, that exploits the local definition of the
metric. We first consider that the surface normal is constant
inside a triangle, and thus the isophotic distance between
points in the same triangle is zero. When the edge between
two triangles is crossed, the dihedral angle is added to the
total length of the path.

Since triangular meshes are naturally non-smooth, in-
stead of computing the angle 6 between adjacent faces, we
directly use the dot product (i.e., cos 6) to introduce an easing
factor. Namely, the weight of the edge e connecting two
adjacent triangles #;;, and 7;;,, respectively equipped with
normals n;; and nj;,, is computed as

w(e) = w(t;jx, tip) = 1=(n;jx, njip) = 1=cos(8(e)), (6)

where 0(e) is the dihedral angle between faces incident on e.
The weight w(e) assumes value 0 for co-planar triangles and
assumes its maximum value 2 when the dihedral angle is z.

The behavior of the isophotic distance can be thus ap-
proximated with the Dijkstra distance on the dual mesh
graph, where each edge is weighted as in Equation (6).

B.2. Boundary weight

In the discrete setting, a boundary component between
two adjacent regions (excluding the degenerate case of re-
gions touching on a single vertex) is a collection of edges. In
our implementation, we consider two scenarios for comput-
ing cuts on a surface:

e minimizing the length of the cut;
e localizing the cut on sharp features.

Since our cut is obtained from the complementary edges
of the minimum spanning tree of the dual multi-graph,
we can translate these objectives into easily computable
boundary weights.

Minimal length. Minimizing the length of the cut means
cutting along the shortest boundary components. Conse-
quently, the spanning tree must contain boundary compo-
nents that are as long as possible. If we weight a boundary
component /3 by its length L 5z in 3D, the constraint translates
to computing the maximum spanning tree. Equivalently, we
can compute the minimum spanning tree if we use as weight
the function w(B) = L* — Ly, where L* = maxg L.

Sharp features localization. On the other hand, local-
izing the cut on the sharper features is equivalent to keep
in the spanning three the less sharp boundary components.
To identify the sharpness of a boundary component, we
consider the fact that a local flat area around a vertex v is
characterized by a null Gaussian k,(v) and mean curvature
H (v). Consequently, said V5 the set of vertices in the bound-
ary component /3, we can describe how flat the surface is
around the boundary component using the function

Y k@) + H @), (7

VEVR

which assumes its minimum value zero if the boundary is
near-flat and becomes larger as the curvature values increase.
The minimum spanning tree connects the whole surface with
an as-flat-as-possible fashion.

B.3. Score function

As mentioned in Section 4, our algorithm for merging
region follows a greedy approach that merges adjacent re-
gions if they form a topological disk, preferring pairs that
have an higher score. Defining the score is application-
dependent, meaning the pipeline can be easily adapted to a
specific task. In our experiments, we consider two different
approaches to compute the score when merging two regions,
depending on the type of distance function used for the
Voronoi decomposition.

Minimize perimeter-to-area ratio. When using the geodesic

distance, we aim to avoid regions with an elongated shape
(e.g., long triangle strips) or presenting choke points (e.g.,
two large regions connected by a single triangle). To mitigate
similar situations and favor the formation of regular regions,
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Figure 9: Top row: different segmentations produced by our
method at different values of the perimeter-to-area score
threshold & corresponding to different polygons. Bottom row:
different segmentations produced by our method for the
minimal sharpness score threshold € = 107 at varying of k.

we introduce a score based on the relation between their
area and their boundary. In particular, let A; and A; be,
respectively, the areas of M; and M ;, and let #;; be the length
of their boundary M; N M. For 2-dimensional shapes, the
area is related to the square of the perimeter, and thus we
define our score for the merging of M; and M as

£
9 =—Y )

max (A[,Aj)

By preferring the merging of regions that share a longer
boundary with respect to their area, we guide the algorithm
toward a minimization of the total perimeter-to-area ratio,
resulting in the formation of more regular shapes.

Selecting the threshold to guide the early-stop of the
algorithm can be crucial in determining the final result.
To understand the intuitive meaning of the threshold €, we
consider that for regular polygons with N sides, Equation (8)
evaluates to

eN=;. ©)

N cot (F)

The top row of Figure 9 depicts an example decompo-
sition with different threshold values. For our experiments,
we consider the pentagon as the reference shape, and thus
we consistently use € = €5.

Minimize sharpness. When the isophotic distance is
used, the partitioning tends to align region boundaries along
sharper areas of the surface. Here, our goal is to produce
regions that are already as flat as possible to simplify the
parametrization process. In this sense, we can reuse Equa-
tion (7) to characterize the sharpness of the boundary. This
requires either changing Algorithm 2 to prioritize the selec-
tion of lower scores, or keeping the same interface and using
the reciprocal of Equation (7). We decide to use the second

approach: said V;; the set of vertices in M; N M, the score
for merging M; and M; is given by

9= k@] +|H@)|. (10)

vev;;

Differently from the threshold for the perimeter-to-area
ratio, defining semantically intuitive reference values for
Equation (10) is challenging, but in our experiment we found
that values in the family 10~ provide significant differences.

Different example decompositions are depicted in the
bottom row of Figure 9. For our experiments, we use the
threshold e = 1072

C. Complexity analysis

The fast Voronoi decomposition algorithm introduced
in [38], assuming a uniform distribution of the samples
and the use of efficient data structures such as hash maps
and Fibonacci heaps, has complexity O (|V | log |V | log k),
where k is the number of samples and V is the set of vertices
of the (dual) mesh. From this, we can derive the complexity
of Algorithm 1. Indeed, the algorithm recursively applies the
Voronoi decomposition to each region, eventually reaching
the worst case scenario where the (dual) mesh is decom-
posed so finely that each region corresponds to a single
(dual) vertex. Thus, to the initial O (|V'|log |V'| log k) com-
plexity we must add k decompositions of regions that have
size IVI/k (assuming uniformity in the sampling). We reach
the following recurrence equation.

V]
Tetine(IV 1. k) = [V | log |V | log k + k Tefine <T’k :
(1)

By expanding the recurrence we obtain a worst case
complexity analysis of Algorithm 1.

log, [V v
Terine(IVI, k)= 3 [V]log——logk
i=0
logy |V (12)
< D |V]log|V|logk
i=0

=0 (|V| log2 14 logk) .

Once the set .S of regions with disk topology is com-
puted, we can either apply the region merging strategy or
identify a cut.

For the region merging strategy described in Algo-
rithm 2, we iterate a merging procedure until convergence.
In the worst case, this means we apply the procedure until all
regions are merged into a single region, which happens after
|.S| iterations. Since .S is a partitioning of the surface into
topological disks, it is a proper tessellation of the surface.
Consequently, the dual graph has O(|S|) edges, which is
also the number of iterations of the inner loop. Each iteration
requires computing the intersection of two region, which can
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be done in time O (|V|) using hash sets, computing a score
function, which can be designed to as efficient as @ (1), and
pushing values in a priority queue, which can be done in time
O (1) using structures like Fibonacci heaps. Considering that
the region merging step can be performed in O (|V']), as well
as the computation of the dual graph, the total complexity of
the procedure becomes

Trerge S VD = O (IS*[V]) . (13)

Moving to the cut identification algorithm, we consider
that the dual multi-graph construction reported in Algo-
rithm 3 is executed with @ (|S |2) iterations, but a more
sophisticated approach allows its construction through a sin-
gle visit of the mesh graph in time O (|V | log |[V|). Always
considering that the graph has O (|.S]) edges, the minimum
spanning tree can be easily computed in time O (|.§| log |.S).
Recalling that the cut can be executed in time O (|V|) and
that |.S| < |V| (in practice, |.S| < |V|), we have

Tew(IS1, VD) = O(IS|log |S| + [V]log |V]) =

(14)
=0(V|log|V]) .

D. Practical considerations

When considering the actual implementation, some ad-
ditional considerations can be made regarding the algo-
rithmic procedures for segmenting and cutting the surface.
In particular, we notice that with simple modifications the
method can be made more general and efficient.

D.1. Non-manifoldness

Our approach inherently assumes the manifoldness of
the surface. This is a strict requirement both for the fast
Voronoi decomposition [38] and the disk topology check
with the Euler characteristic. However, the nature of the
UV parametrization allows us to easily circumvent these
issues. Indeed, the mesh can be preprocessed to disconnect
multiple triangle fans at the same vertex, and chains of non-
manifold edges can be duplicated to disconnect the triangles
incident on them and forming new boundaries [3]. All these
operations eventually produce a manifold surface M’ with
the same triangles as the original non-manifold mesh M.
Consequently, the parametrization we obtain for the M’ is
also valid for mesh M.

D.2. Initial samples

While the subsampling step can be made rather efficient
and guarantees a disk decomposition of the surface, the
checks for the Euler characteristic of each region still intro-
duce some computational overhead with respect to the initial
sampling. Especially when dealing with complex high-genus
surfaces, having a reasonable initial guess can significantly
ease the computation. However, to the best of our knowl-
edge, the minimum number of topological disks that cover a
surface of arbitrary genus g is not known. Thus, we consider
a simple strategy to estimate an initial number of samples
N(g), given the genus g of the surface. From Figure 10a, it

@
e
(@) (b)

Figure 10: Left: a torus decomposed into 4 topological disks.
Right: the connected sum of two tori produces a surface of
genus 2, resulting in the addition of three regions and the
removal of one (a net increase of two regions).

is easy to verify that a torus can be easily decomposed into
four regions with disk topology, meaning N (1) = 4. Given
a surface of genus g, we can produce a surface M of genus
g + 1 via connected sum with a torus T (see Figure 10b).
Since we are adding a torus, we are considering four more
regions, but the connected sum removes a topological disk
both from M and T, resulting in a net increase of two regions
(N(g +1) = N(g) + 2). By solving the recurrence, we get
N(g) = 2(g + 1), which is a good fit also for the sphere (two
disks are sufficient to cover a sphere).
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